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Conformal Deformation to Scalar Flat Metrics with 
Constant Mean Curvature on the Boundary in 

Higher Dimensions 

Szu-yu Sophie Chen * 



On a closed Riemannian manifold of dimension n > 3, every metric is conformal 
to a constant scalar curvature metric. This problem, called the Yamabe problem, was 
w \ proved by Yamabe [20] . Trudinger [19], Aubin [1] and Schoen [IS] . 

W ; To extend the conformal deformation problem to manifolds with boundary, Escobar 

proposed two types of formulations. Let (M, g) be a compact Riemannian manifold 
of dimension n > 3 with boundary DM. We denote by R g the scalar curvature of the 
manifold and by K g the mean curvature of the boundary. The first type is to find a 
metric g in the conformal class of g such that R g is constant and K g is zero. This was 
*N ; studied by Escobar [T2] and recently by Brendle and the author [5J. 

■ The second type is to find a metric g in the conformal class of g such that R g is zero 

and Kg is constant. This problem, as Escobar remarked [IT], is a higher dimensional 
generalization of the Riemann mapping theorem. The problem is studied by Escobar 
[TT] . [T3] and Marques [16], [TT]. (For analysis background for both problems, see [9]). 

In this paper, we will study the second formulation; that is the existence of a con- 
formal metric with zero scalar curvature and constant mean curvature on the boundary. 
The problem turns out to be finding a critical point of the functional 



>< I E , A ,_ Jm(^#I V 9 0| 2 + R 9 4> 2 )dV 9 + f 9M 2^da 



y 



where is a positive smooth function on M. The exponent 2 ^~P is critical for the trace 

2(n-l) 

Sobolev embedding H (M) e — >■ L n ~ 2 (dM). This embedding is not compact and the 
functional E g does not satisfy the Palais-Smale condition. For this reason, standard 
variational methods cannot be applied. 

To study the problem, we consider the Sobolev quotient, introduced in [TT] . 

Q(M,dM,g)= inf E g {<j>). 
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This is known that Q(M, dM, g) is a conformal invariant and Q(M, dM, g) < Q(B n , dB n ), 
where Q(B n , dB n ) is the Sobolev quotient of the unit ball B n in M. n equipped with the 
flat metric. It was proved by Escobar that 

Theorem 1. (Escobar fTTj) If Q(M,dM, g) < Q(B n ,dB n ), then there exists a metric 
g in the conformal class of g such that Rg is zero and Kg is constant. 

For n > 6, when dM is not umbilic, Escobar showed that Q(M, dM, g) < Q(B n , dB n ). 
He also proved the inequality holds when n — 3, and when n = 4, 5 and dM is umbilic, 
provided M is not conformally equivalent to the unit ball. When n — 4,5, and dM is 
not umbilic, Marques verified that the inequality holds. 

Consequently, it remains to consider the case that n > 6 and dM is umbilic (some 
special case was considered in [IS])- As in [3], [B], we denote by Z the set of points 
p6M such that 

limsupd(p,x) 2 ~ rf |Wg|(x) = 0, 

x — yp 

where d = [^f^] and W g is the Weyl tensor of g. We note that p G Z if and only if 
V m W g (p) = for m — 0, • • • ,d — 2. Moreover, the set Z is conformally invariant. 
Our main result is 

Theorem 2. Let (M,g) be a compact Riemannian manifold of dimension n > 6 
with umbilic boundary. Suppose there exists a point p G dM such that p Z, then 
Q(M,dM, g) < Q(B n ,dB n ). As a result, there exists a metric g in the conformal class 
of g such that Rg is zero and Kjg IS constant. 

We now discuss the case that p G Z for all p G dM. In Section HJ we consider a flux 
integral T(p, 5) introduced in [6] in a small neighborhood of p G dM. When p G Z, it 
was shown in [6J that lim^o I(p, S) exists and is equal to a positive multiple of ADM 
mass of certain scalar flat asymptotically flat manifold; see Section HJ We reduce the 
case to positivity of mass. 

Theorem 3. Let (M, g) be a compact Riemannian manifold of dimension n > 6 
with umbilic boundary. Suppose there exists a point p G dM such that p G Z and 
lim^o Z(p, 8) > 0, then Q(M,dM, g) < Q(B n ,dB n ). As a result, there exists a metric 
g in the conformal class of g such that Rg is zero and Kg is constant. 

We give the outline of the proof. By Marques [16] . we may choose conformal Fermi 
coordinates around a boundary point p. In these coordinates, we define 

1-2 
2 



(e + Xn? + Ei< a 



<n-l 



xi 



We note that v e is the extremal function for the sharp trace Sobolev inequality on the 
half plane; see |10] , [2]. By conformal invariance, it holds 

n-2 

Q(B n ,dB n ) ( [ vr=^da) = ~ 1} / \\7v e \ 2 dx. 
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It is then understood that v e is the model function on . 

We now consider the function v e + ip defined in a small neighborhood of p, where ip 
satisfies 

mBsCiRl, (1) 

on B s n <9K+. (2) 

In the above equations, the tensor Sy comes from applying the conformal killing oper- 
ator to certain vector field we solve; see Section [2j The equation (JTJ corresponds to a 

4 

linear approximation of the scalar curvature equation of (v e + ip) n - 2 g. However, in our 
construction, the boundary condition fl2]) is not the linear approximation of the mean 

4 

curvature equation of (v e + ip) n - 2 g\ the "linear mean curvature equation" should be 

d n ip = v~ x d n v e ij}. 
n — 2 

We emphasize that the Sobolev quotient Q(M, dM, g) is normalized by the volume of 
the boundary (not the volume of the manifold). Our deformation of the metric does 
not fix the volume of the boundary locally As a consequence, in order to get the energy 
functional small enough, the term — 2 ^_^ d n v e S nn is important because it cancels out 
to the right order the change of the volume of the boundary This is the reason that the 
linear approximation of the mean curvature equation does not work here. This turns 
out to be the delicate part of the proof. Finally, to define a test function globally, we 
glue the function v t + ij) with the Green's function of the conformal Laplacian centered 
at p. 

To show the above test function has the energy functional less than Q(B n , dB n ), we 
use the method and techniques developed by Brendle [3] (see also [6]). In [3], these nice 
techniques were used to prove a convergence theorem for the Yamabe flow. In [6], these 
techniques were used to study the problem of first type described at the beginning. To 
be more precise, let u e = e^~(e 2 + \x\ 2 ) a - . In [3], one considers the function u e + w 

4 

in normal coordinates, where w satisfies Aw + n(n + 2)ue~ 2 w = 4 ^~^ u e didkSik + 
dk(diU e Sik). In [6], one considers the function u e + w in Fermi coordinates together with 
the boundary condition d n w = 0. We refer the readers to [3], [5], [15], [7], [8] for other 
related works concerning the Yamabe problem. 

We introduce the notation in this paper. We denote by dx the volume element in 
M n , by da the area element of a hypersurface in W 1 and by dp, the area element of an 
(n — 2)-dimensional surface in M n . We also denote by the half plane {x : x n > 0}. 
Let B r (x) be the ball of radius r centered at x. When x is at the origin, we simply 
denote by B r . 

Acknowledgment: The author would like to thank Simon Brendle for valuable 
comments which help improve the presentation of the work. 
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Aip = y~] -rv e did k S ik + d k (diV e S ik )) 



9 n 1p 



,. d n v e S nn H ^—V^dnVelp 

2{n — 1 n — 2 
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1 Background 



Let v e (x) = e n 2 2 ((e + x n ) 2 + X)o=i x a) > x e The function t> e satisfies 

Aw e = for a; G R+, (3) 

v e did k v e -diV e d k v e = -\dv e \ 2 5 ik for i 6 1" (4) 

n — 2 n — 2 

and ^_ 

d n v e = -(n - 2)vr 2 for x G dW + . (5) 

By integration, we get 

t- 2(n-l) 

|Vv e | 2 cfe = (n -2) / f £ "- 2 do-. 

Moreover, t> e satisfies the following inequalities: 

e^(e + |x|)-" +2 < v e (x) < C(n)e^(e + \x\)~ n+2 for x G 
< C{n)e^(e+\x\)- n+1 for x G R" ; 



and 



u= — e 2 Lc 



n " 2 ' ' n+2| 



< C(n)et|x|"™ +1 forx G 1R™ , and |x| > 2e, 



where C(n) is a positive constant depending only on n. 

Let V be a smooth vector field and H ik be a trace-free symmetric two-tensor. We 
define 

Sik = diV k + d k Vi - ^divV5 ik , 

Tik Hik Siki 

Pik,i = v e diT ik — -^j^diVfTki — -^dkV^Tu + Y^p=i d p v e T ip S k i + Ylp=i 9 p v e T kp Su, 
ip = div e Vi + *=£v e divV. 

In [1], [6], a similar notation was introduced with v e replaced by u e . 

The following formula is a revision of the formula in [4] Proposition 5, 6. The 
formula in [4] corresponds to the second variation of the scalar curvature on the sphere. 
Similarly, the formula here corresponds to the second variation of the scalar curvature 
on the ball in W 1 . 

Proposition 1. Let H ik be a trace-free symmetric two-tensor, and V be a smooth vector 
field. Then ip satisfies 

AV> = ^2 ( 4? _y ] v A d kS ik + d k (diV € Sik)). (6) 
i,k=i ^ n ' 
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Moreover, 

i i " _ " 9 

4l p | 2 " 2 E I 5> e ^ T * + ^32^^)| 2 
t=i fc=i 

= E (^vldiH ik diH ik - \j 2 e d k H ik diHii - 2v e d k v e H ik diH u - 2 1 d k v e div e H ik Hu) 

i,k,l=l 

+ V {-2v^did k H ih + 8{n ~% iVe d k i;H ik ) - 4(n ~ 1) |#| 2 + E 
^— ' n — 2 n — 2 ^— ' 

i,k=l i=l 

where 

n 

& = ^2(2v e ipd k H ik - 2v € d k ipH ik - 2d k v e ipH ik - v e ?pd k S ik + d k (v e i(>)S ik ) 

k=l 

- 1 11 

+ /I, ( 2v ^ v ^kiH ki - -v 2 e diSi k Hi k + v 2 diS ki H ki + -v 2 diSi k Si k - -v 2 d k Si k Su) 



fc,z=i 



+ y~] {-v t d k v t S lk Su ^—v £ d k v e Ti k Tn) + — — ^-(- V" d k v e ipS ik + tpd^). 

n — 2 n — 2 

k,l=l k=l 

Proof. Since the proof is similar, we only point out the difference. In p[] Proposition 5, 
it was shown that 

vAd k S tk + A{n ~% k (d t v e S tk ) = 4(n ~V A(V fyvM + ^.v e divV) 
n — 2 n — 2 2n 

i=i 

n — 2 2n 
i=i 

(with v t replaced by u e but the formula holds in general). By ([3]), then ([6]) follows. 
For the second identity, by [I] Proposition 5, it holds 



-v 2 \8T\ 2 - \v 2 \divT\ 2 - V (2v e d k v e T ik d l T il + 2(n ^ d k vAv e T ik T a ) 
4 2 / — ' n — 2 

i,k,l=\ 

= h-2I 2 + I 3 , 

where 

h = Y] (\v 2 diH ik diH ik - \v 2 d k H ik diH a - 2v e d k v e H ik d l H il - ^ ^ d k v e diVeH ik H u ) 
^— ' 4 2 n — 2 

i,fe,i=l 



h = (v e ifjdid k H ik - — — ^-diV t d k i)H ik - di(v e ipd k H ik ) + d k {v e di^H ik )) 

n — 2 

i,k=l 

n n \ 1 

+ ^2 dk(diV € ipH ik ) + ^ (^di(v 2 e diS ik H ik ) - -d k (v 2 diS u H ik ) - d k (v e div e S u H ik )) 

i,k=l i,k,l=l 
n 

+ ^ (ved k div e —d k v e div e )(diVi- diVi)H ik 



i,k,l=l 
n 

^ di[(v e did k v e - - _ ^ diV t d k v t )Vi}H ik , 

i,k,l=l 



and 

^3 = Y]{v € i/>didkSik-— — ^-diV £ d k i)S ik - di(v e tjjd k S ik ) + d k (v e di^S ik )) 
z — ' n — 2 



,fc=i 

n 



+ ^2 d k {diV t ifjS ik ) + ^2 (^9i{v^diS ik S ik ) - ^d k (v 2 diSnS ik ) - d k (v t div t SnS ik )) 

i,k=l i,k,l=l 
n 

+ (v e d k div e -d k v e diVe)(diVi- diVi)S ik 

n — 2 



i,k,l=l 

Tl 



^2 di[(v £ did k v e — -diV e d k v e )Vi]S ik . 

i,k,l=l 



And in [I] Proposition 6, it holds 

]v 2 \dT\ 2 - \v 2 t \divT\ 2 - {2v e d h v e T ih d l T il + 2{n - % k vAv t T tk T u 



n - 2 

i,k,l=l 



i=l k=l ^ ' 

^2 2 

+ E( -(v e d k div t -d k v € diVe)T ik T u H -di(v e d k v e T ik T u )) (7) 

z — ' n — 2 n — 2 n — 2 

i,k,l=l 

(with f e replaced by tt e but the formula holds in general). Using (JJ]) in J 2 , (jlj) and ()6j) 
in J 3 and using (@| in ([7|) give the identity. 

□ 



2 Construction 

We first state some properties about conformal Fermi coordinates that we will use later. 
Then we construct the correction term ip and compute some formulas on the boundary. 
Let n > 6. We assume dM is totally geodesic. 

6 



In this section, we assume g is the metric in conformal Fermi coordinates. We 
write g = exph. By Marques [16], we have tr h(x) = 0(\x\ 2d+2 ) for x G R™, where 
d = f 2 ^]. Moreover, h in (x) = for x G E" and i = 1, • • • , n. We also have d n h a b(x) = 
Y!h=i hai( x ) x i — for x G (M™ and a, 6 = 1, ••• ,n — 1. In this case, detg(x) = 
1 + 0(|x| M+2 ) for x G R™. 

Let ifjj be the Taylor expansion of up to the order d 

Hij ^ h{j a (0^)x , 

2<|a|<d 

where a is a multi- index. Then = H ik + It follows that 

trH(x) = H in (x) = for all x G R" and i = 1, • ■ ■ , n, 

and 

n 

d n H ab (x) = H ai (x)xi = for all x G cM" and a, 6 = 1, • • • , n — 1. 

We define algebraic Schouten tensor and algebraic Weyl tensor of as in [I]: 

diO m H m j -\- d m OjHi m /\H{j n —i &m 9p Hm P Sij , 
Zijki = did^Hji — didiHj k — djd k Hu + djdiH ik + ^^(A,-^ — Aj k 5u — Au5j k + Ai k Sji). 

Proposition 2. [6] If Z ijM = for all x G R", tfien ify = for all x G M" . 
Proposition 3. JS}/ T7ie scalar curvature R g satisfies 

\R g -did k H ik \<Cj2 E \h ij ,a\\4 a] +C\x\ d -\ 

i,j 2<|a|<d 

and 

\R g — didkh ik + dk(HikdiHu) — -d k H ik diHn + -diH ik diH ik \ 

< C J2 E l^-,al 2 N 2|a| + cE E I^IN'^ + CN 2 ' 

ij 2<|a|<d ij 2<|a|<(i 

/or \x\ sufficiently small. 

Let be a smooth vector field. We next define as in Section [T] that 
Sik = diV k + d k Vi - ^divV5ik, 

Tik Hik Siki 

Pik,i = v e diT ik - ^diV e T k i - ^d k v e T u + ^ J2p=i d p v e T ip 5 k i + ^ Y^=i d p v e T kp 5 U - 
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Proposition 4. Let V be a smooth vector field. Then 

J2 Y, I^V" 2 / (e+\x\) 2 ^ +2 - 2n dx<C(n) [ \P\ 2 dx 



i,j 2<H<d 

for 5>2e>0. 

Proof. In pE] Proposition 9, it was shown that 

" 2 2 2 

^2 {dj{diT ik - ——- v - x d k v e Tu) H —v^dkV^djTu - ——^j~ x diV^ji) 

i,j,k,l=l 

2 n 4 

H —v~ 2 (v e djd k v e —djV € d k v e )T u + — — — -v~ 2 d k v t (diV e Tji + djV e T u )}Z ijk i 

rx £ ti i n _ j 

n 

= djdiH ik Zij k [ 

i,j,k,l=l 

(with v e replaced by u e but the formula holds in general). Then by (|4j), we have 

n 2 1 

^2 {dj{v~ l Pi k ,i)Z ijk i H —v~ 2 d k v e PiijZ ijkl ) = j\Z\ 2 . 



i,j,k,l=l 



From this, the assertion follows easily by the proof in [6] Proposition 7 and Corollary 
8 using e ! V(e + |x|) _n+2 < v e (x) < C{n)e 1! ^~{e + |x|)~ n+2 and \dv e \(x) < C(n)e Ii 2~(e + 
|x|)~™ +1 . 1 □ 

We next construct the correction term if). We fix a positive smooth function rj(t) 
such that rj(t) — 1 for t < | and 7/(£) = for £ > |. For 5 > 0, we define ^(x) = 77(5), 
x G R™. Notice that d n T]s(x) = for all a; G By Proposition H~2l in Appendix, there 
exists a smooth vector field V which solves 

ELi 9k[v?~ a (vsH lk - 8^ - d k V t + ldivV5 ik )\ =0 inR" 
d n V a = ondRl (8) 

V n = ondR^ 

for i — 1, • • • , n and a = 1, ■ ■ • , n — 1. Moreover, V satisfies 

n 

\d^ s \x)\<C(n,\f3\)J2 E IV«l(c+kl) H+1 " l/ "- ( 9 ) 

i,fc=l 2<|a|<d 



By the equation, 

> (ikBuTji. 4- 

n - 2 



" 2n 
Y> e d fe T; fc + -flfcUeT*) = (10) 



k=l 
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for x G Bs PI R™ and z = 1, • • • , n. We next define 

" n _ 2 

V> = 2J diVeVi + ~S — v e divV. 



2n 
1=1 



Proposition 5. It holds S an (x) = 0, 

2n 
' n-2 



2n 2 
d n S nn (x) = -v e (x)~ d n v e (x)S nn {x) = 2n v e (x)~ S nn (x), 



and 

2n 

d n S ab (x) = -v e (x)~ S nn (x)S ab 

n — 1 

for x G <9R™ and a, b — 1, • • • , n — 1. y4s a consequence, for x G 9R2., 

<9 n V>0r) = -777 rr9 n u e (a;)5' nn (a;) H -v e (x)~ 1 d n v e (x)^{x). 

2(n — 1) n — 2 

Proof. By assumptions, V n = d n V a = for x G <9R™ and a = 1, ■■• ,n — 1. Thus, 
•S'na = T'na = <9 n V a - d a V n = on <9R+ for a = 1, • • • , n - 1 and 

d n d a V b = for x G <9R™ and a, b = 1, • • • , n - 1. (11) 

We next consider the equation (|SJ). It gives Y2=i( v A(vsH nk -S nk )+^d k v t (r] 5 H nk - 
S n k)) = 0. Since H nk (x) = for all a; G R" and /c = 1, ■ ■ • , n, we have 



2 



VY^^S^ H -d k V t S nk ) = 0. 

z — ' n — 2 

k=l 

for all x G R™. Therefore, using ((Sj) 

n—i 2 n n 2n 

d n S nn = / d a S na —v / d k v e S nk = — v d n v e S nn = 2nv e S nn . 

' n — 2 ' n — 2 

a=l fc=l 

Moreover, by (fTTj) . it follows that 

2 2 

dnS^ = <9n9 a Vb + d n d b V a d n divVS ab = — d n d n V n 5 ab 

n n 

1 2 „ 1 _ _ . 2n 



— (2d n V n d n divV)5 ab = -d n S nn S 

1 n n — 1 



2 



n^nn^ab .. ^>nn"ab 



1\ — "It'll, " /ft — " / " UlU -i ~ /t — lltl>~ LLU -t 

n n — 1 n — 1 

We now compute d n ^\ 

n r n — 2 n — 2 

d n ip = }(d n diV e Vi + diV e d n Vi) + — — d n v e divV + — — v e d n divV 
^— ' 2n 2n 

i=l 

n n 

= V7 drifts -f^^ife^De)^ + Y] diV e d n Vi 

i=l i=l 

n ,\— > „ n — 2 . , 1 . n — 2 



Vf Srm5nh- 



n Cy diV e Vi + — — v t divV)v~ l d n v e divVd n v e + — — v t d n divV. 

n — 2 ^— ' 2n n 2n 

i=i 
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By (3D and d n divV = ^z^d n S nn , we get 

n 1 

^ = n(y^^e^ + — v e divV)v~ l d n v e divVd n v e 

n — 2 ^— ' 2n n 

i=l 

1 ™ n — 2 

-\dv e \ 2 V n + y]diV £ d n Vi + — —v e d n S nn . 

n — 2 ^— j' 4(n — 1) 

Since d n S nn = —^z2V~ l d n v e S nn and d n V a = V n = on SIR™ for a = 1, • • • , n — 1, then 



<9 n V> = -ij)v~ d n v e divVd n v e + d n v e d n V n - — -rd n v e S nn 

n — 2 n 2{n — 1) 

-d n v t v~ 1 ^ - — 1 -r d n v e S nn . 



n - 2 " e 6 r 2(n - 1) 



Proposition 6. Lei fre defined as in Proposition^ It follows for x e <9RIf 



□ 



+ • 



£ n (x) = - 71 + 2 n , v € (x)d n v e (x)S nn (x) 2 + ^ n n l v e (x) 1 d n v e (x)tjj(x) 2 . 
2(n — 2) [n — 2) z 

Proof. Since Hi n = for z = 1, ••• ,n and x G R+, and = T na = for a 
1, • • ■ , n — 1 and x e <9R™ , we have 

n-1 



i?j e 2 ^ d n S ab H ab - v e i[)d n S nn + v t d n i)S nn + d n v e i/;S nn 

a,b=l 

1 1 

T^e ( ^ ] d n S ab S ab + d n S nn S nn ) — —v e d n S nn S nn — v t d n v t S nn S n 



4 

a, 6=1 



2 4(n — 1) 

-v e d n v e S nn S nn H ^-{-d n v e ij)S nn + VM)- 



n — 2 



By SnS 1 ™ = -^f, 1 d n v e S nn and d n S ab = -^v? 2 S nn 5ab, we get 

Ti 2 ^ 

Cn = r^V""" ^nn V #aa H ^9 n V e S nn + V e d n 1pS nn + d n V e ll)S n 

n — 1 ' n — 2 



a=l 
n 

o^K^-T^"" 2 ^ V S aa + — ^— ^dn^J + —^—V £ d n V e Sl n 
2 n — 1 n — 2 n — 2 

o=l 

4(n — 1) 2 

v e d n v e S nn S nn H ^-{-d n v e ^S nn + V"9nV0 ^v € d n v e S nn S n 

n — 2 n — 2 



i 9 n_1 
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n-l 

n 



Thus, 

in = n : v\ v"~ 2 S nn V" H aa - tpd n v e S nn + v e d n ipSi 
n — 1 

a=l 

_ \ v l(^_ v flS nn Y S aa + -^—v^dnvXn) + 4(n ~ l) ^- 

2 £ n-1 ^ ra-2 7i-2 

a=l 

BY J2a=l H aa = Ya=1 S n = aIld ©, We get 

1 Th TL 

in = -9 n VeipS nn + v e d n ipS nn - -v e (- — -rd n v e Sl n H -d n v e Sl n ) 

2 [n — ±){n — l) n — 2 

4(n-l) , 
n — 2 

= -d n v e ipS nn + v £ d n ipS nn - — ^- — v e d n v e Sl n + — — ^-ipd n ip. 

2(n — l)(n — 2) n — 2 

Finally, by d n tp = - 2 -^ T y<9 n t> e S' nn + ^v~ x d n vfl), we arrive at 

in = -d n v e ipS nn + v e (-— zrrd n v e S nn H -v~ d n v e ij;)S nn 

2(n — 1) n — 2 

v e d n v e Sl n + — — , 1 rr d n v e S nn H '^-—v~ x d n v e ij)) 



2{n- l)(n-2) nn n - 2 r v 2(n - 1) " e n-2 

n + 2 o n2 4n(n - 1) (2 



□ 



3 Main estimates 

In this section, we assume g is the metric in conformal Fermi coordinates as described 
in Section [2j Suppose V is a smooth vector field which satisfies (jHJ) and We adopt 
the notation in Section |2j 



11 



Proposition 7. There exist positive numbers 6, C and Sq such that 



.T^b/ 2 i r>„. „/. i 71 „/.2 n ^ 2i c 2-, 



< 4(n - 1) / ^<T 2 (< + 2^ + - g(n _ 1)2 WnnP)^ 



+ / E(~~~ — ^-v e diV e + w e 2 <9 fe /iifc - d k v 2 h ik )^-da 



E (e+\x\)W + ^dx 

i,k=12<\a\<d jB ^ nRn + 
n 

+ Ce n-2J2 \h lKa \5\ a \ +2 ' n + Ce n - 2 5 2d+i - n 

i,k=l 2<|a|<<2 

for < 2e < 5 < So, where 9 = 6{n), C = C{n,g) and So = So(n,g). 
Proof. We write 

^L^±\d(v e + + R 9 (ve + i>? = ^^r\dv t \ 2 + J 1 + J 2 + J 3 + J 4 , 
Tt Z Tt Z 

where 

Ji = 7z- J~] diV e di4> + y~] ( 7z-diV e d k h ik + v 2 did k h ik ) 

n — 2 n — 2 

i=l i,k=l 

n 

- ^ (v 2 d k (H ik diH u ) + d k v 2 H ik diH u ), 

i,k,l=l 



J2 = ir {-\v 2 e diH ik diH ik + \v 2 e d k H ik diH a + d k v 2 e H ik diH u + 2 n 1 d k v e div e H ik H u ) 
itf=i 4 2 n ~ 2 

n — 2 n — 2 

i,k=l 



4f 1) n 1 n 

1/3 = _ 9 E ~~ + H u H kl )diV e d k v e 

Tt Z Z 

i,k=l 1=1 

n n 11 

+ (i? g - ]T c^cfc + ]T d^H^Hu) - -{divH) 2 + -|<9tf|> 2 , 



i,fc=l i,k,l=l 
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and 



n — 2 ^— ' 

i,k=l i,k=l 

+ R g ^ 2 + 4(n ~ 1} V - 

71/ Zi 

i,k=l 

We compute 

Ji = 8(7l ~ 1) X)9 < (a<i; 6 V) - 8(n ~ 9 1} + (diive&hik) - d k (div% k )) 

1=1 «,fc=l 
n n 

+ 2 (v e did k v e -diV e d k v e )h ik - d k (v 2 H ik diH u ). 

i, k =l i,k,l=l 

By © and ©, 

Ji < 2 y^di(djV e i/;) + ^2(di(v 2 e d k h ik ) - d k (diV 2 h ik )) - ^ d k {v 2 e H ik diH a ) 

i=l i,k=l i,k,l=l 

+ Ce n - 2 {e+\x\) 2d+i - 2n . 
Thus, integrating J x over B$ D and using ©, 

! J x dx < I y2(v 2 d k h ik - d k v 2 h ik )^-da - I 

J Barm JdBzCSJ} ■ F J B> 



n 



+ i,k=l 

n 



n-2 



-d n v € i/jda 



+ C J2 J2 \h lk , Q \S H+2 - n e n - 2 + C5 2d+4 - n e n ' 2 . 

i,k=l 2<|a|<d 

For J 2 , we first note that by Proposition [1] and ffTUl) . J 2 = — j\P\ 2 + 2^27=1 
by© ^ 



2|o|+2-n e n-2 



■ /s * nR + |X| i,fc=12<|a|<d 

Moreover, by Proposition H] there exists 9 > such that 

80 V V \h^ a \ 2 e n ' 2 [ (e+\x\)W+ 2 - 2n dx< [ \P\ 

i,j 2<\a\<d JB * m + JB ^ nRn + 



! dx. 
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Hence, using Proposition [6] 



/ 

J BstlM. 



J 2 dx = — I -\P\ 2 dx + f ^i-^-da — I inda 



n 4 ./flH.nB" \X 



- / i 71 + 2 x ic i2 4n(n-l) _ x 2 , 
- ' ^ 2(w- 2) Ue * * ~~ (n - 2) 2 ^ £ n ^ ' 



n „ 

29 V V \h lk , a \ 2 e n ' 2 (e+\x\f a \ +2 - 2n dx 
4 ^BfnKi 



n-2 



i,fc=l 2<|ct|<d 
n 

E i^i 2 ^ 2|a|+2 ^ n " 2 - 

i,fc=l 2<|a|<d 

For J 3 and J 4 , by (j5J), Proposition [3] and Cauchy inequality, 

n 

J 3 + J 4 <CJ2 E (I^M| 2 (e+|x|) 2|Q|+4 - 2n + |V Q |(e+NI) |Q|+d+3 ~ 2 ")e 

i,fc=l 2<|a|<d 

+ C(e+\x\) 2d+4 - 2n e n - 2 

^ 9 it \ h ik,a\ 2 e n - 2 (e + |x|) 2H+2 - 2 " + C(e + |x|) 2d+4 - 2 "e"- 2 . 

j,fc=l 2<|o|<d 

Thus, 

/ (Js + J^x^V V \h ik>a \ 2 e n - 2 [ { e + \x\f\ a \ +2 ~ 2n dx + C 5 2d+i ~ n e n ' 2 . 

Jb '™+ i,k=12<\a\<d JBgriRl 

Finally, by we compute 
f 4 ("- 1 ), J .., aj „ 



n n — 2 



\dv e \ 2 dx = — — ( / — v e d n v e da + / \ j v € diV e j-^da) 

n ~~ 2 J B s r\dwi JdB s rwi i=1 \ x \ 
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Combining the above, we obtain 



< — I (v e d n v e + 2d n v e ip + — v e d n v € ip )da 



n + 2 f 0,0 , 2J 

+ 777 7T / v e d n v t \S nn \ da 

+ / y^i— — K~v e diV e + v\d k h ik - dkV^hikj^rda 
JdBsnm.™ i=1 n ~ 1 \ x \ 

n „ 

-9J2 E Me^ 2 (e+\x\)^ +2 - 2n dx 
i,k=i2<\a\<d JB s nm.i 

n 

i,fc=l 2<|a|<d 



Finally, by (jSJ) and t>ed n t> e |S' rm | < for x E d 



(f £ 9 n f e + 2<9„t> e ?/> + 7 —v^dnV^da 



n — 2 JB.ndR" ( n ~ 2) 



2(n — 1) 



4(n — 1) f /0 oQ ( n _ 1 



< / (fe5 n f e + 2d n V e ^ + - — -V e d n V e ljj )d(J 

n — A JB s c\dwi \ n ~ z ) 

+ 777—— rr / v e d n v e \S nn \ 2 da 



2{n - 1) 

f TJ 77—9 

= 4(n - 1) / vr 2 (v 2 £ + 2vrf + - -^v 2 \S nn \ 2 )da. 

JBgndRi n — l 8(71 — L) 

This completes the proof. 
Proposition 8. 

4(n - 1) / ^ (v 2 + 2v^ + -^ 2 - ^^v 2 S 2 nn )da 



„ n 

<Q(B,dB)( (v e + ^) 2J ^da)^+Cj2 E I^M^ |Qhn+1 e n - 

^naR? i,*=i2<|«|<d 

+ V \h lk , a \ 2 e n - l 5 2 (e+\x\) 2 ^~ 2n+2 da 



i,k=l 2<\a\<d 

for < 2e < 5 < 5 and 5 sufficiently small 
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Proof. Recall that 



n — 2 
n-1 



Q(B n ,dB n ) I / da ) = 4 ^ ^ / |V/;| L V.r 

and 

/• 2(n-l) 

|Vw e | 2 c2x = (n-2) / f £ "" 2 da. 

Then it follows that 

4(n -!)(/" vl^da)^ = Q(B,dB). 



Besides, since = on <9R+, we have 



^ _ o 2_ " * 2(n-i) n — 2 2 



2(n — 1) ^— ^ 4(ro — 1) n 

2(n-l) ^ 4(n-l) 



for x G <9R+. Moreover, by (jUJ) 



/• 2(n-l) ™ 1 ™ n 

/ *"~ a E^ri^^E E \h ik , a \6^- n+1 e-\ 



a=l 1 1 i,fc=l 2<|a|<d 

Thus, 

/ 2vr 2 ^da- "" 2 ^w/cr < C E E IWI<* H ~ n+1 e 

Putting above together and using Holder inequality, we get 

4(n - 1) / ^" 2 + 2^ + - -~ 2 v 2 S 2 nn )da 

n — 2 8(n — 1) 



< 4 (n - 1) / «* W + 5^4. + ^ - s^rfO* 



i,k=l 2<\a\<d 

< Q(B,3B) | / + j^V*- + ^ 2 - g^^SU^ 



+ C E E IWI'' 1 '* 1 ""^"" 1 - 

i,fc=l2<|a|<d 
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We next notice that by Taylor expansion, there exists a constant Co = Co(n) such 
that 

n — 2 n 9 n — 2 9 ,n-i . . 2(n-i) 2(n — 1) 1 

(1 + rV H -2 ; r^V )~ - (1 + z) + — -Z V 

v 2(n-l) y n-2 8(n-l) 2yj v ; n-2 2 y 

<C (|y| 3 +|*| 3 ) 

for 1 2/ 1 , |z| < 2- ©' l^ nn l — \ anc ^ 1^1 — 2 Ve ^ or l x l — ^ Hence, 

/ 2 n — 2 2 n (2 n-2 2n2 . . , 2(^-1) 

2(ll — 1 "l -2- 1 2 t"~ 1 ) 

n — 2 2 

2("-l) 0/1 2(n-l) 0/1 

<C v t - 2 (\^-\ 3 + \S nn \ 3 )<Cv e n - a (\^-\ 2 + \S nn \ 2 )5 2 

n 

< C H E i^i 2 (e+ki) 2|ah2n+2 ^"^ 2 - 

i,fc=l 2<|a|<d 



Thus, 



/ 2 , n ~ 2 2 Q n 2 n-2 2C 2 . 

(We + 2(^T) ^ 5 «« + ^ - 8(^1)2 W - " ^ 



2(n-l) 



< / (u e + V)^^ + / 2(n ^- vr a ^da- [ \vl i:: * ' S nn da 

72 2 ./R,n»» 2 



:|a|-2n+2 



+ CE E Me^S 2 (e+|*|) 2|c 

i,k=12<\a\<d JBsMWt 

< / (^ + ^) 2 ^ i rf(j+C V V \h ikta \ 2 e n ^5 2 {e+\x\) 2 ^- 2n+2 da 



i,k=l 2<|o|<d 



+ C J2 E iv«i* |a| " B+1 ^" 1 - 

i,fe=l 2<|a|<<2 

This completes the proof. □ 



4 Proof of the main theorems 

In this section, we construct a test function 4>u,S) with energy functional less than 
Q(B,dB) and prove Theorem [2] and [31 Since the case that Q(M,dM, g) < is trivial, 
it suffices to consider Q(M,dM, g) > 0. 

After a conformal change of the metric, we may assume dM is totally geodesic. Let 
p G dM and let (x±, • • • , x n ) be the conformal Fermi coordinates around p described in 
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Section [2 We denote by G the Green's function of the conformal Laplacian with pole 
at p which satisfies the Neumann boundary condition. We assume that G is normalized 
such that lirnui-K) \x\ n ~ 2 G(x) = 1. Then G satisfies J6j 

n 

\G{x) - \x\ 2 ~ n \ < C Yl \ h *k,«\\4 al+2 - n + C\x\ d+3 - n . (12) 

i,k=l 2<|a|<d 

Moreover, we define as in [6] a flux integral 

x( p ,s) = 4(n ~ 1} / ^\ x \ 2 ~ nd i° - Gd ^ x \ 2 ~ n )r\ da 

n — 2 JgB s nR™ i=1 Fl 

» n 

- / \x\ 2 ~ 2n (\x\ 2 d k h ik - 2nx k hjh)-Ada 



for 5 > sufficiently small. 
We define 

re— 2 

0(e,«5) = Vs(Ve +1p) + {l- rj S )€~G, 

where ip is the function constructed in Section [2] We recall that 

e^(e + |a;|)- n+2 < v e (x) < C(n)e^(e + \x\)- n+2 for x e 

\dv e \(x) < C(n)e^(e+ |a;|)-"' +1 for x G R" ; 
and 

\v e - e^\x\- n+2 \ < C(n)e%\x\- n+1 for x E Wl, and |x| > 2e. (13) 



Proposition 9. 

4f 77, — 1) 

^I^IJ + ^flW 

m n — A 

f 2(n—l) „ a n r 

<Q(B,dB)( <f>^fda 9 )^ - \ J2 E ( e +|a;|) 2 H +2 -^ 

n 

- e n - 2 X(p, 5) + Ce"- 2 J] E I Val <rn+2+N + Ce n ~ 2 5 2d+i - n + Cr^e"" 1 

i,Jfc=l 2<|a|<d 

for < 2e < 5 < 5q and 5q sufficiently small. 

Proof. Let £1$ be the coordinates ball of radius 5 in Fermi coordinates. In other words, 
(xi, • ■ ■ , x n ) satisfies x\ + • • • + x 2 n < 5 2 and x n > 0. By divergence theorem 

I (l^il|V 9 M) | 2 + J R g 2 £i5) )^ 

A{jl — 1) n^2 

-( ^- A s0M) - Rg^S)) (0(6,5) - e ^ G)dVg 

m\q 5 n — z 



4(n- 1) 
n-2 



(V^0( ei5 )0( ei5 ) + e 2 (0( e ,a)V„ s G - GV Ug 4> {e ,s)))da g , 

8(M\U S ) 



where v g is the unit outer normal on d(M \ Q$) with respect to g. Notice that 

d(M \ n s ) = (dM \ n s ) u (dn s \ dM). 

We will compute the above integral in several steps. 

We first notice that for x G M \ Q$, we have (f>( e ,S) ~ £~^~G = f]s( v e + i J — e^~G). In 

n — 2 

particular, <f>^ - e~G = in M \ Q 2 s- By (fT2l) and (|9|). 

SUp (|0 M) - e^G\ + 5 2 \^—^-A g (f) {ey S) ~ Rg<t>(e,8)\) 



M\Q S 



< C J2 E \h ik , a \t lal+2 ~ n ^ +C5 d+3 - n e I ¥ +C5- n+1 e%. 

i,k=l 2<|a|<d 



Thus, 



Af\n 4 ^ — ^ 

n 

- C E l>itk.ar<S 2|oi|+2 " n e n ~ 2 + C5 M+4 -"e"- 2 + C<TV\ 

i,fe=l 2<|a|<d 

We now compute the boundary terms on dM \ Q$. Since V^G = on dM, by (JSJ), 
Proposition and OH]) 

n 

sup |V, S M) |< sup + <Ce%6- n + C V V |^. a |^-« e f . 

8Mn(fl 3 j\"«) 9Mn(n 2j \fi d ) i,fc=i2<H<<i 

Hence, 

/ n — 2 

/ (V^0( e ,5)0(e,5) + 6" V Vg G ~ GV Vg (j)^8)))d(Jg 

JdM\Q s 

n — 2 

V„ 9 0( e ,5)(0( £i< 5) - e^G)da g 

9M\n 5 

n 

- C J2 l /i *,«l 5|a|+1 " ne "" 1 + C5 2d+4 -"e n - 2 + Cr n e n . 

i,k=l 2< |ct|<d 

We next compute the boundary terms on dfls \ dM. 

» » n n 

/ V Vg (j)^5)<i>{e,8)dcrg < I y2(-diV € v e + y2v € d k v e h ik )-^-da 

JdflAdM J dBx nRf „• i , \ x \ 



8=1 fc=l 



+ C S E I^Ml^ |Q|+2 " n e n ~ 2 + C5 M+4 - n e n - 2 . 

i,fc=l 2<|a|<d 
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Also, 



/ (0( e ,5)V^G - GV Ug (j)^s))d(T g < - ^(vAG - GdiV € )^-da 

Jdn s \dM JdBsnR^ i=1 \ x \ 



+ C f2 E \h ik , a \S lal+2 - n e^+C6 2d+i - n e^ 

i,k=l 2<|a|<d 



Combining the above, we obtain 
JM\n 6 n — a 

< 7T- j y2(diV e v e - Ved k v e h ik + {vAG - GdiV^-^-da 

n 1 JdB S nKi i=1 k=1 m 

n 

+ CJ2 E \hik, a \S H+2 - n e n - 2 + C5 2d+4 - n e n - 2 + C6- n e n . 

i,k=l 2<|a|<d 

On the other hand, by Proposition [7] and [BJ 

/ (^-^l#M)ip + ^(0M)) 2 )^ s 
Jn s n — z. 

<Q(B,dB)([ <j>7^fda g )^+ f V( 4(n ~? vAv e + v%h ik - d k v% k )r 

JdM ' JdB s nm.™ i=1 n — 2 \x 

n „ 

" °J2 E IV«|V~ 2 / (e+|*|) 2 H+ 2 - 2 ^ 



i,fc=l 2<|a|<d 
it 



+ CE E I^I^W (6+|x|) 2 H-^da 

i.fc=l2<|a|<d -^n^ 



+ ^ |^, ia |r n+2+|a| e"- 2 + C5 2d+4 - n e n - 2 . 

i,fc=l 2<|a|<d 
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Adding the above two inequalities, we get 

/ (^^Id^ll + R 9 ^s)) 2 )dV g 
Jm n — z 

r 2(n-i) r n n r 



IdM JdB 



Tl Z J QBx n ' 1 ® ri ■ - 1*^1 



^ IIK + i=l 



n 



2 £ n-2 / 


(e+\x\) 2 ^ +2 - 2n dx 






\W J 


( e+ | x |)2H-2n+2 da 







i,fe=l 2<|a|<d 
n 

+ E I* 

i,k=l 2<\a\<d 
n 

+ C Y. \ h ik,a\S- n+2+H e n - 2 + C5 2d+i - n e n ' 2 + C8' 

i,k=l 2<|a|<d 



Since 

e n-i S 2 I (e+\x\'f a \- 2n+2 da = e 2 ^5 2 [\l+tf a ^ 2n+2 t n - 2 dt 



and 



e n-2 f (e + | a ,| ) 2|a|+2-2n dx = ^al f e (1 + ^H^n^n-l^ 

then for S sufficiently small and 2e < 5, we have 

Ce n ~ x b 2 [ (e + |a;|) 2 l a l- 2n+2 rfa < - e n ' 2 [ (e + \x\) 2 ^ +2 ~ 2n dx. 

Moreover, by (P3) and ([13]) 

/ C£(v 2 e d k h ik + -^—d k v% k ) - ^—^-J-e^ivAG - Gd lVe ))^da 
JdBxnR™ 7~~, n — Z n — I \x\ 



■+ i=l i=l 
n 

< -e n - 2 l(p,5) + cY, Yl \KkA^~ n+2 t n ~ 2 + Ce n - 1 5- n+1 . 

i,k=12<\a\<d 

From these the assertion follows. 
We are ready to prove Theorem [3 
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Proof of Theorem^ Since p Z, we have ^2™ k=1 S 2 <H<d l^»fe,al > 0- Thus, by Propo- 
sition [91 

/" A( n — \) f 2(n-l) _ 2 

/ ( V-rl^l} + ^)<^ < fi(5. / da g )^ 
Jm n ~ / ./9m 

for e > sufficiently small. This completes the proof. □ 
Now we consider the case that p G Z. We recall a result about I(p, S). 

Proposition 10. Let p G dM. Suppose p E Z. 

(i) The limit \xmg_+ T{p, 5) exists. 

4 

(ii) The doubling of{M\{p], G n -zg) has a well-defined mass which equals lim^o I(p, 6) 
up to a positive factor. 

Proof of Theorem^ Since p G Z, we have z~2ik=i 2~^2<H<d \^ik,a\ — 0. By Proposition^ 

C Afin _ 1 ) C 2(n-l) _ 2 

/ (~ Ad<j> {e>5) \l + R g ^ 5) )dV g <Q{B,dB){ <j> { ^ da g )Zx 

Jm n — a j dM 

- e n - 2 l(p, 5) + C5 2d+A ~ n e n - 2 + C5~ n+l e n ~ l 

for < 2e < 5. By assumption lim^o %(p, 8) > 0, we may choose 5 sufficiently small 
such that l(p, 5) - CS 2d+4 - n > 0. We next choose < e < | sufficiently small such that 
J(p, 5) - C5 2d+A - n - C5~ n+1 e > 0. Then 

/ (^^\d^, S) \l + R g ^U)dV g < Q(B,dB)( [ f^fda g )^. 
Jm n — a j qm 

□ 

Appendix: An elliptic system in R" 

In the appendix, we solve a boundary value problem for an elliptic system in R". 
Let Bi be the ball of radius | equipped with the flat metric g. We denote by X the 

2 A 

space of vector fields V G H 1 (Bi) such that (V, v) = on dBi , where v is the unit outer 
normal on dB i . We also denote by y the space of trace- free symmetric two-tensors on 
Bi of class L 2 . Let T> : X — > y be the conformal killing operator, which satisfies 

2 

(W)ifc = Vi,k + Vfc,i divVg ik . 

n 

By stereographic projection, Bi is conformal to the hemisphere with standard 

metric g c . The metric g c satisfies g c = u^-g, where u = ( i+lbp )^ f° r M — §• We 
may define similarly the space of vector fields V G /f 1 (S™ ) such that (V, u) = on 
<9§™, where i/ is the unit outer normal on <9§™, y* the space of trace-free symmetric 
two-tensors on of class L 2 and T>* \ X* y* the conformal killing operator on the 
hemisphere. Then it follows that V G H 1 ^) if and only if V G H^Bi), and X>*V = 
if and only if T>V = 0. 
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Lemma 1. kerP is finite dimensional. 

Proof. In [6], it was shown (after Lemma 21) that kerD* is finite dimensional. Then 
the assertion follows easily. □ 



We now define X = {V E X : (V, U) L 2 (Bl ) = for all U E kerl?}. 
Lemma 2. For all V E X , it holds \\V\\ 2 Hl( ^ Bi s < C\\VV\\ 2 L2 ^ Bi y where C = C(n). 



Proof. Suppose the inequality does not hold, then there exist a sequence of vector fields 
V® E X such that HV^Htfi^) = 1 for a11 3 and \\ T>vij) \\^{B 1 ) -»• as j -»• oo. By 

2 2 

passing to a subsequence, — weakly in H 1 (Bi) for some V<® E X . It follows 
that VV {0) = 0, and as a result V (0) = 0. Notice that -> V (0) strongly in L 2 (Bi). 
Thus, ||l /(j) ||L2 (i?l) 0. Therefore, ||V (i) |U2 (s ™) 0. By [6] Lemma 21, || \\ H Hs n ) -»■ 
as j — 7- oo. Hence, H^-^H^i^) — > as j — )■ oo. This gives a contradiction. □ 

Proposition 11. Let h be a two-tensor in y. Then there exists a unique vector field 

V E X such that (h - VV, VU) L 2 {Bl ) = for all U E X. 

2~ 

Moreover, \\V\\ 2 H1 ^ Bi ^ < C||^||^2( Bl ), where C = C{n). 

Proof. It follows by the same argument in [6] Proposition 23, and Lemma [2] above that 
the minimizer of ||/t— 'DV\\ 2 L2 ( Bl \ exists in Xq, which satisfies the required properties. □ 

2 

We now consider another conformal map. The ball Bi is conformal to WL U {oo}. 

4 2 

The metric g satisfies g = v n ~ 2 5, where 



1 



n-2 

2 



;i+x„) 2 + Ei 



<a<n-l X a 



Proposition 12. Let h be a smooth trace-free symmetric two-tensor on MJ! with compact 
support. Then there exists a smooth vector field V on such that 

ELi d k [v—(h tk - d t V k - d k Vi + ldivV5 ik )] =0 ml" + 
d n V a -h an = ondR n + 
V n = ondRl 

for i = 1, • • • , n and a = 1, • • • ,n — 1. Moreover, 



2(n + 2) _,. 

~\V\ z dx < C / v^\h\ z dx, 



where C — C(n) 
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Proof. By Proposition [TTJ there exists a smooth vector field V such that 

2(n+2) 2 

v n - 2 (hik - ftVfc - d k Vi + -divV5i k )d k Uidx = 

n 

for all C/ E X and K = on <9M™ . By elliptic regularity Q14J pp.245-249), V is smooth. 
Hence, d k [v~(h ik - diV k - d k Vi + %divV8 ik )] = on M" and d n V a - h an = on 

cM+. ' □ 

Proposition 13. Lei /i^ = 77 (^) $^|L[=2 hik,a£ a be a trace-free symmetric two-tensor, 
where d = l 1 ^-), p > 1 one? r/(t) fre a /ixed cut-off function which satisfies r)(t) = /or 
t > 2. Suppose V is the vector field constructed in Proposition UB. Then for x G M™, 

\d^v\\x)<c(n,mJ2 E i^i 2 (i + ki) 2H+2 - 2|/31 

i,fc 2<|ct| <d 

/or even/ multi-index (3. 

Proof. The proof is similar to jl] Proposition 23 and Corollary 24. 

Without loss of generality we may assume h ik = n(y) X/|a[=j ^ik,aX a , where 2 < / < 
d. We first prove that 

„ „ n— 1 

supr -2/-n-2 / \V\ 2 dx<C ((1 + X n ) 2 + yV)-"- 2 |t/| 2 cfe 

r>l i( J B 2 r\Br)nR™ JR™ Q=1 

+ Csupr~ 2 '~ n / |/i| 2 dx. (14) 

Suppose ffl~4|) does not hold, there exist sequences /i^ and such that 
supr- 2 '- n - 2 f \V^\ 2 dx = 1, 

n-1 



and 



lim / ((l + x n ) 2 + Vx 2 )- (n+2) |\/ (s) | 2 rfx = 0, 
lim supr- 2 '-" f \h (s) \ 2 dx = 0. 



(B2r\B; 

Therefore, there exists a sequence p( s ) — > oo such that 



( p 00)-2'-n-2 /" |\/^| 2 rfx> i 

^(• B 2 W\ B D ( S )) nK + 2 
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Let ~b$ = (p^)- i |x|- 4 (|x| 2 ^-2x^0(|x| 2 ^-2x fc xO^ ) (^),andl> J = ( p W)-'-i(|x| 2 %- 
2x i x j )V l {s \^). Then they satisfy 

n n—1 „ 

V d k [((i + ^-f + V(^) 2 )- n (^ - d t V k - d k V t + -dwV**)] = 

in for i = 1, • • • ,n, and V„ = d n V a — h an = on cM". Thus, by passing to a 
subsequence, Vj converges weakly to a vector field V e W£ (M^ \ {0}). V satisfies 

n 

V fc [- W - + -divVS ik ] = 
z — ' n 

fc=i 

weakly in R™ \ {0} for i = 1, • • • , n, and 7„ = d n V a = on <9M™ \ {0}. By elliptic 
regularity theory, V is smooth in IR™ \ {0}. Thus, V satisfies AVj + ' n -^ L djdwV = 0. 
This implies AdivV = 0. Moreover, on <9R™ \ {0} we have = AV n + ^^dndivV = 
2 1 ^-d n d n V n . Therefore, d n divV = on <9R+ \ {0}. We now define the function divV on 
M n \ {0} by standard reflection. Then divV is a C 2,1 harmonic function in MJ 1 \ {0}. 
Since sup R „\j | |:c| 2Z |<iit> V\ 2 is bounded, we obtain divV = in M n \ {0}. Thus, AVj = 
in \ {0}. By the same reflection argument applied to the function V a , we get V a is a 
C 2 ' 1 harmonic function in M. n \ {0}. Since sup R n\{ } Ix) 2 '" 2 !^ 2 < oo, we have V a = in 
M. n \ {0}. Finally, since d n V n = divV = 0, using the same reflection argument again we 
obtain V n = in M n \{0}. This contradicts to J (BlVBl)nR n |V| 2 ds > 0. Thus, (JUj) holds. 

Now since we have 

„ n—1 „ n—1 

/ ((i+x n ) 2 + Vx 2 )-"- 2 |\/| 2 dx<c / ((l+^+v^ri^ 

a=l 7 ^ a=l 



< C \hik,a\ 
i,k=l \a\=l 



then by © sup r >i ^ 2 '" n " 2 /(b^)^ < C E- fc=i E|a N IWI 2 - Fin ally, by 

elliptic regularity |<W| 2 (x) < C(n, £? fc=1 E| aN I^Pt 1 + |z|) 2 N +2 - 2 lfl □ 
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